





NPERUCNOBHE

Pycckas maTemaTHueckas nurepatypa He 6orata cOOpHMKAMH 3344, IOCBS-
uieHHHX Bhicwefl aireGpe. CrellyeT NMPU3HATLCH, YTO 33 HCKJIOYEHHEM HeCO/bUINX
OTHENOB, OTBEIEHHHIX Bhicluel anare6pe B COOpHHKAX 8anau N0 AaHAaANM3Y H
UTPaIOIUKHX TaM TI0 HeOOXOAHUMOCTH BTOPOCTENEHHOE 3HauyeHHe, 6oiblue Mbl
HAUEr0 He HMeeM.

[paBaa, u uUHOCTpAaHHad JMTepaTypa He Ha Ma0ro 6oraye HAc B 3TOM OTHO-
wenun. Ecan He CYMTaTh JOBOJMBHO - 3HAYHTENBHOTO KOJHYECTBA MPEKPACHHIX
3amay, onyG/IMKOBAHHBIX pPa3HHIMM JHUAMM B TakuX XKypHanax, kak: ,Nouvelles
Annales de Mathématiques“, ,Jahresbericht der deutschen Mathematiker-Verei-
nigung¥, -,Quarterly Journal of Mathematics“, uau paccesHHBIX Ha CTpaHMLAX
OTAENLHHX MeMyapoB, eC/iM 3a0biTh, 4TO BCAKMH aHIMIMACKHI Kypc B COIVIACHH
¢ NPeBNCXONHbM npasuiom Heotona: ,Exempla docent non minus quam praecepta®
BCErIa WIIOCTPUPYETCS M CONPOBOMUIAETCS 3aJayaMM, ONSTb Mbl HHYEro He
BCTPETUM KPOME CKPOMHBIX OT/AE/NOB, TOCBAIUCHHHX BhiclieR anreGpe Ha cTpa-
Hulax cOOPHMKOB 3aJay MO aHanusy.

[Momonuute 5TOT NpoGen B OTHOWIGHHH OCHOBHBIX OTAE/NOB BHCLIEH anreﬁpu
AaTh CHCTEMATHYeCKHH COODHMK 3alad B TipelelaX €e 3/eMEHTOB SBAAETCH
LEebI0 HAaCTOSIEro 3aAavHHuKa.

Hamepennem aBropa OO KOCHYTbCS BCEX OCHOBHHIX OTHEJOB aareGpHL
Onnako paspociuniics 06GbeM CGOPHHKA 3aCTABHJ OTKA3aTbCsl OT 9TOH MBICAH H
OTPaHUYHTB KPYr BOMPOCOB S/IeMEHTAMM 3TOH HayKH.

MHOrMMN HHTEPECHLIMH M BaXHBIMH B MNPWIOKEHHAX OTAe]aMd [PHLNIOCH
NP STOM MOXEPTBOBATh. YKAMKeM 31eCh HEKOTODHiE H3 HUX: OMNMYLIeHH BOMPOC
06 OTAeNeHHH M BHIYKMCIAEHHH KOMIUIEKCHBIX KODHe# ypaBHeHHH, yueHHe O KBal-
patHunplx ¢GopMax C ero OOLIMPHBIMH NDWIOXKEHUsAMH, yueHHe 06 HMBaDHAHTAX,
TEOPUS IPYNN ¥ ee anreGpaHyecKue NMPHIOKEHUS; NQ~TOH ke MpuIHHE He NMOMe-
MeHbl TaKMe METOAM BLIYMCICHMS KOpHeH ypasHéHuwdi~kak cnoco6 Ipedoe,
crnoco6 utepauuit, rpaduyeckudt crnoco6.

Aprop. TIpeanodeN cKasaTb OGCTOsATENbHEE 6 HEMHOTOM, YeM HOHEeMHOXKY
060 BCeM.

Buimyckas 3TOT 3ajadgHMK, aBTOP HajgeeTCd, UTO B AaALHEHUIEM emy ymactes
BOCTIOIHATb TO, Ha 4eM OH celyac BBIHYXKIEH OCTAHOBHTLCA.

A. JKypascrud.



otpen |
HOMNDNEKCHOE 4YHUCNnoO.

§ 1. MNpepcraBnente KOMMNEHKCHOroO 4ucha
B TPUroHOMeTpUuecKoW thopme.
3ana4n,
1. TNpeacraBurs unucno 1 —i B TPHIOHOMETPHUECKOH (opMme.
Moayab r KOMNJIEKCHOTO yucAa 1 -— { HAXOAUTCA H3 PABEHCTBA:

r=V1+(—12=} 2.

AprymesT ¢ ofipefensieTcss COOTHOLIEHHAMK

cos L sin —!
Q= — L= o,
7 v/za T V3
[Ipocrefimee 3uauenue g
.
9'_"—'['

Yacno 1 — { Hanumercs Tak:
iV o leos — TV g zﬂ
1 l—VQ[COS\\ 4>+Lsm<~—4

[IpenctaBuTs B TPHIOHOMETDHYECKOH (i)opme ypcsa:

2. 4+ 1.

3. +i

4. L1 +14

5. 1+4+i)3.

6. 1 4 cosa + isina.

7. 1 —cosa -+ isina.

8. 1 4-sina 4 icosa.

9 14itga.

10. [IpexactaBuTbh B TpPHroHOMeTpHYeCKOH opme umcio
L4 ia
t—ig’

NONO¥HUB a = ciga.
11. TlpencraBuTh YHCHO M == 2 (cos g -+ isin ;-) B O6bIKHOBEHHOf (opMe.

3nas, u

n

1 _,— . = 1
= 7";-]/3, sin g =, , HaigeMm, 4ro

m=1)34+i

TO COS



12. llpeacrasuth B OGHIKHOBEHHOH dopme uucaa
4 x .. ) f m ..77:)
m=V8<cos~§+ts1n §/’ n_2\\cos§+zsm )

§ 2. leiicteua Haj HOMANEHCHLIMK YUCIHAMH.

1. Jle#lcTBUS HAalJ KOMIUIEKCHBIMH YMC/IAMH TPOM3BOAATCH cornacdo ¢op-

synam
(a+ b))+ C+d)=(a+)+G+dj
(a4 bi)—(c+di)=(a—c) + (b —d)§
(a + bi) (¢ + diy = (ac— ba) + i (ad + bc);
, . bd , ., bc—ad
(a+bl):(c+dl)=a;_:_dz+t ;_{jﬂ .
2. B ToM cayyae, KOTZa HHCAZ m W 1 3allaHbl B TPHFOHOMETPHYECKOH
tdopme

m=r(cosq -+ ising), n=r(cose,+ ising,),
TpOM3BENieHHEe M YaCTHOE HAXONATCA MO Qopmynam:
men=:r-ry[cos(e+ )+ isin(e+ @), min= ‘:’1 [cos (¢ — ) +
+isin(p— 2)].

3anauu
13. BhYMCAMTbL BbIPaXKEHHE:

(B+2) (7T+4i)—6 (1403
(84 2i) (7 + 4i) =13 4 26
(I4+iP=14+3i4+32+8=—2+42i
OKOHYaTeNbHO HAXOIOMM, UTO
(B4+2) - (T+4)—6(1+i®=13+26i—6 (—2+2i) =25+ 14
BriuucnauTtes Bopawenue:

g A= 15 B2 —@+D@—) __, 2+ (Bi— 1}

IMpouasenenue

Crenens

TN 34/ 3(1+H—3—09
16. BT BAIR 4 (3 4 2.
17. @D U —0  4.(+42) @i+1)
a2y 31
2r
BHuncauTp, cieXyoiHe BHPaXeHHHA, MOJOKHB w=cos§+

4+ isin %3’_‘ :
18. (aw+ bw?) (aw?® + bw)
19. - (a+b+¢) (a+ bo + co?) (a + bw? + cw)
20. (2 + b + ca?) (a4 bw? + cw).
21. (a + bo + c?)® + (a + bw? + co)?






30. Pemmnts ypasHenue x2 - x + 1 —i= 0.
BHYHCAHTD KOPHH YpaBHEHHH:
31. 2+ (5—2)x+5 (1—i)=0. 33. x4+ x24+1=0.
32, 2+ (1 —2) x—2i=0. 34 xt—2x242=0.
35. Hatia /'
[Ipencrasus uyucio 8 B TpuroHomerpuuecko#t dopme 8 =8 (cosO -+
+ isin 0), nonyyaem Bce 3HayeHHs KOPH: ]3/?3_ no ¢opmyae
V=2 (cos 2% £ isin %), k=1, 2, 3),
410 AaeTr
21=—14+iV3, 25=—1—i V3, 2,=2.
BHYHCAHTE KYGHUYECKHH KOpPEHE:
36. 1/ 7. 37. /7. 8. 1/i-1i
39. Hatttu opesb /7.
40, BplyucauTh KODHH 5-f CTENeHW U3 eMHULbL.

BoluucieHne KODHSI S-§ CTeneHW H3 eAMHHIE TNPHBOAMTCH K HAXOMAEHHIO
Yucaa 2, YAOBJIETBODSIOUIETO yPABHEHHUIO

=1
Onuu KopeHb 2 == 1. OcranbHble 3HAUEHHS KOPHS YIOBIETBOPSIOT yYPaBHEHHIO
248 +24241=0,
J10 ypaBHeHHe BO3BpaTHoe. Pelias ero COIVIACHO H3BECTHBIM NpaBHJaM
(cnepyer mosoxuth 2z - —1— == 1/), HAaxXOIHUM €ro KODHH

JfL—}_ l/lO—{—Q]/S _ V34+1 l/ 10— 2)5

OTCIOI[a yHe Jerko Ha#TH, 4TO

2 V

AR Ly 10+2V5
25‘,=ccs‘351-c-{—isin43Tt ]—/—“ + ‘/10—2V5
:_L/M_Ll/lo—m/@
B2 =SS VTR YT

TNPHHAB BO BHUMAHHE 3HAKH TPHIOHOMETPHYECKHX (YHKUMH COS

2w -
2y = €08 ¢ ~+ Isin

2kn sin 2km
5’ 5
NpU PasiHYHBIX 3HAYEHHAX A,

Hafitu xopuu:

5 8 _ __ 6 ___
41y — 1. 2. 71. 43. V64
44%, [loxa3aTp, 4TO BCe KODHH ypaBHEHHSA

14ix\* 14da
(%)

1—ix)]  1—ia

BEUIECTBECHHLI KW pa3nH4YHBI.






§ b. N'eomeTpruecHoe U300pareHMEe KOMNNEHCHOrO 4ucna.

1. FeoMerpuuecknM u3oOpaueHHeM KOMIVIEKCHOTO YUC/AA 2 = X -} iy AABAAETCA

TOYKA C KOODAMHATAMH X, Y.
2. KommaekcHoe 4HCAO 2 == X + [y MOXET OhTh H30GDAKEHO TAKKE BEK-

TOpPOM, HIAyUIMM M3 HAuana KOOpAWHAT B TOUKy (X, y).
3 anaumn.

67. B xpyr paamyca R ¢ UEHTPOM B Hadajle KOODAMHAT BIHCAH IIpa-
BHABHBIE MHOTOYroMbHHK., OMNpefe/yTh MOJN0KEHHE €r0 BepLIMH, €CAH H3BECTHO,

§
YTO OfHA M3 HUX HAXOAMTCA B TOuKe 2z, = Re™ .
Paccroanye Kaxao# BepIIHHBI OT Hayana pasHO R. LIempaJleuﬁ yrou,

2n
COOTBETCTBYIOWMA CTOPOHE MHOTOYTO/ILHUKA, PaBeH — -. Yron mexay ocsio OX

2km
M PafuyCOM-BEKTOPOM, HIYUIHM B BEDUIHHY Z;, PaBeH & - = -

z, =R [cos (a + = ) - Isin (a + 2k'c>]

58. Hanucatb ycioBue, uto TOYKA 2 == X - [y HAXOOHTCH HA PacCTOAHHH R
OT TOUYKM m ==a -+ ti.

659, Hanucate ycnoBue, 4TO TOYKA 2 HAXOLMTCA BHYTDH OKPYXHOCTH pa-
nuyca R c ueHTpoM B 104ke m = a - bi.

60. OnpeneanTh MONOXEHHe BEPIUMHB 2; MPABH/IBHOTO 7l - YrOAbHHKA, BIH-
CAHHOTO B KPyr panuyca R C LEHTPOM B TOuke m ==a -+ i, eclu H3BECTHO,
4TO PALMYC, COSAUHSIOMIXHA ONHY H3 BEpPIIMH C LEHTPOM, mapamieien ocu OY,

61. Hatitu mo/ioxenue BepIMHBI NPIBUBHOIO TPEYTOAbHHKA, €C/H M3BECTHO,
4TO JIBE KM3 €r0 BepIIMH HAXOMITCA B TOYkax 1, 2 4 i,

62. OnpenenuTh N0/OKEHHEe BepLiMH NDABWJIBHOTO 7 -)TOJibHUKA, 3Has, 4TO
ABE CMeXHble BePUIMHBI HaxomfTca B Toukax 0, 1.

63. 3uas JBe NPOTHBOMONONHBIE BEPUIMHBI 2j, 2, KBAApaTa, HalTH oOCTa/b-
Hole ero BepLIMHbL.

64. 3uas nonoxeHde m, n, p TPeX BepIiMH MapanienorpaMma, Ha#tH yer-
BEPTYIO €ro BepliKHY,

65. Ompene/qnTh MOJOKEHHE IEHTPA OKPYXHOCTH, OMUCAHHOH OKOJO npa-
BHALHOPO 1IECTHYTOJbHHKA, €ciH M3BECTHO, UTO JIBE CMEXHbIE €ro BepIIHHb
HaxousTcs B Toukax 1, i.

66. Halitu cepeiiiy OTpeaka, KOHIL KOTOPOrO NOMELIAIOTCSt B TOUKAX

2y, 2.

67. HaiiTh nosioxeHnue 1eHTPA THKECTH Mace 2 ¥ 3, TMOMEIEHHBIX B TOUKAX
1—24, 1434,

68. Halttu nonomenHe IEHTPa THXECTH Macc my, Mg, ... M, , [OOMe-
WIEHHBIX B TOUKAX 23, 29, -+ . 2,.

69. Ilokaszate, 4yTO paBeHcTBa
Mg+ hgZa A2 =0, b+ Ry hg=0,
rae Ag, hg, Ay CYTh UKCNA BellECTBEHHBIE, BRIDAXKAIOT HEOOXOAMMOE W 0CTa-
TOYHOE YCJIOBHE, UTO TPH TOUKH 2Z;, Z,, 23 JNIEKAT HAa OJHOH MpAMO#.

70. Touku 2y, 2,4, ... 2, CYTh BeDIIMHL BHIMIYKIOrO MHOTOYrO/JbHUKA,
Kax pacrionoxeHa OTHOCHTENbHO MHOrOY!OJNBHMKA TOUKA 2 = h;Z; 4 hy2, -+
+ ... +X,2, rae A, Ay ... A, Cyrh BeUIeCTBeHHBIE 9HCAA M A, >

>0(i=1,2...0), y+dgdt ... +5 =12



71. Halith nojoweHHe LEHTPA THXKECTH PABHHIX MAaCC, PaCNONOXKEHHBIX
8 BePLWIHHAX NPaBUIBHOTO MHOI'OYIOJbHHKA.

72. 3Has, 4TO TPH BepIUMHLI TPeYroJbHUKAa HaxoAaTcs B Toukax 0, 1, i,

NONOMEHHe TpeTbel BepHINHH MONOGHOTO €My H CXOACTBEHHO pac-

10/I0XKEHHOTO TPEYIOJIbHHKA MPH YCJIOBHM, 4TO BEPLIUHBI, COOTBETCTBYIOmHE O
v 1, nomewawoTcs B Toukax 1 i u 1 —1i. -

73. Hafith Ha NAOCKOCTH KOMIUVIEKCHBIX YHCE/J TAKYI0 TOYKY 2, YTOOH
TPEYTONBHUKH 2 2y 2y U 2 2; 23’ GblIM MONOGHB M CXOACTBEHHO PACMOJOXKEHSI.

74. Tlpoussomntcs mnocrpoenne. OTpe3cK a, THe @ BEIUECTBEHHOE YHCJO,
JI2IHTCS Ha n PaBHHIX uvacTell. B Touke M,, cooisercTBywue#t uucay 1, mpo-
30QHTCS FEPNEeHAHKYNAD K OCH BELIECTBEHHBIX 4ucen. Ha neprnenamkynsape
OTK/IAJbIBAETCH B CTOPOHY MOJIOKHTENbHOH MHHMMOH OCH OTpe3oK %, Hauano
kotroporo B TOuke My, Ilycte M; ero koneu. Ha npamo#t OM, crpoutcs
tpeyroabiux OM;M,, moxo6uuit ¥ CXOACTBEHHO DPAaCHONMOMWEHHHA C TPeyroib-
uukom OM M,. Ha nunmu OM, ctpourca TpeyroavHuk OMaM,, nonoGubif
H CXOJACTBEHHO PACMOJOXKeHHHH ¢ TpeyrosbuukoM OMM, u T. 1. Onpenennts
sepunny A, U HalTH MOAYAb M APTYMEHT uYMCNa, el COOTBETCTBYIOMIETO.

75%. Onpemennty npefensHoe MOJOXKEHHe TOYKH M, mpexnigymed 3azaqu
npH 71, BO3pacTaiolleM GecrpefesbHO.

. i\
76. Onpenensis e pasencrom: e = npen (1 + CP’:) , ToKasaTtb Qopmyay
n —
Sunepa

A1

e¥ = cos ¢ + ising.

77. Bektop a - bi nenurcs Ha n pasHux uacre#t. Ha nnockoctu crme-
a-- bi
salotes  TOYkM 0 ...0, My...1, M;...1 ++T' Ha aunun OM,

CTPOHTCA TpeyrompHuK OM M, MOonOGHBIE H CXOLCTBEHHO DAaCIOOMEHHBIH
¢ TpeyronbHuKOM OMyM;. Ha nmuuun OM, cTtpoutca TpeyroibHuk OMyM,,
noAOGHIA H CXOACTBEHHO DACMOJIOMEHHbH ¢ TpeyrompuukoM OMM,, u 1. I
Onpenenuts uMCIO z,, COOTBETCTByIOUee Bepunue M,. Ha#ru moxynws w apry-
MEHT Z,.

78. Haitty npenenbHOe MOMOXEHHe BePIIHMHbI M, mnpensinyule# 3aja4u npu
n, BO3pacraiouleM GecnpenenbHo,

79. Onpenenss ¢ pasencrsom’
bt a--bi\*®
Y —npen < 1+ —i;—>

= CO

8HIBECTH COOTHOUIeHHe Diinepa
e*TY — ¢% (cos b + isin b).
80. [Tokasats TOMXNECTBO
2yt 2y —2y |2 =2 (212412, 2)

H [0dTb €ro reoMeTpHYeCKyr HWHTEpHpETaLUIO.

[Tonowum uucao zy = x, -+ y,i; 23 = X, + y,i. Toraa nodyyaem nocneno-
BATENBHO

2yt 2 2= (% + X+ O+ )% 21— 2 P = (0 — %) + (1 — )%
21+Z2%2+iz1_“zzl!2::2 ("512"‘3‘722 +y12+y22)=2 (!z1§2+*2212)'



McTonKoBHBas 4HCAAd 2; M Zy B BHIE NABYX BEKTODOB, BHXOAAUIMX M3 Hadana 0,
NOCTPOHM HAa 3THX BEKTOPaX Kak Ha CTOpPOHax mnapaaaenorpamMm. Ero usersepras
BepuiHa OyleT HaXONMTbCS B TOuKe 2y -+ Zp. JlWaroHanun nao6pasaTcs BeKTO-
pamMu z, -+ Zg, 24— Z, Y JIOKA3aHHOE TOMIECTBO JA€T TEOPEMy: CyMMa KBal-
paToB AuaroHanefd napannejsorpamMMa paBHa CyMMe KBajapa-
TOB BCeX €r0 CTODOH.

81. Tlokasarb TOWHAECTBO

; ‘ ja4v — utv — |
1u‘+}v‘z=lll—%—w+l/u-v —+ »——E-—— uv |
82. IlokasaTb, YTO PABEHCTBO
jza— 2y |t= 1 — 2Pt 23—2

€CTb C/AEACTBHE COOTHOLIEHHS
2y — 29 == M (29 — 2y),
) — BeulecTBeHHOE 4HMc]0, W HaoGopor. [laTh reoMeTpuyecKoe HCTONKOBAHHE.
83. Hanucars ypaBHeHHe MpAMOH, NPOXOASLIeH uepes TOYKH Zz;, Z,. Ecan

TOYKA z JIEKHT Ha NpPAMOH, MNpoxodsuied uepes 2z, M z,, TO PasHOCTH Z — 2,
Zy — 2y OTIMYAIOTCA TONLKO BELIECTBEHHBIM MHOXUTENEM f. ,
t—z,=(2—2{) - L.
Tlpumasas B 3TOM pAaBEHCTBE UMCAY { BEUECTBEHHOE 3HA4YeHHe, MOJYuUM Ha-
060pOT TOYKY HA mPAMOH, MPOXOAAIEH uepes zy M 2,. Hanucannoe pamencrso
H eCTb YpaBHEHHE MNpsMOH,
84. Hanucarp ypaBHenue MmpaMOH, MPOXOoAdule#d yepes ToukH 1, i
85. Yepes TOuky 3 -+ 2i npoBecTH NPAMYI0, MapaJienbHy BekTopy 1 — i,
86. M3 Touku 7 — 2{ ONYCTHTb NEPNEHAUKYJAP HA MPAMYIO, COEHHHSIOLLYIO
Toukn 2 u 1 4 Q.
87. Halitu reomeTpuueckOe MECTO TOYEK, PABHOYMAAJeHHHX OT TOYeK 2 u 3i.
88. Haittu ypaBHeHHe GHCCEKTPHCH BHYTpDeHHe#l H BHeWIHeH yraa Mpu Bep-
iNHe 2, B TPeYTOJbHHKE Z4, Z, Z,.
89. Hatitu reoMeTpuuyeckoe MeCTO TOUeK, YPaBHEHHEe KOTOPOTO
14 it
g== T :
1—it’
[loaoxkus z = x - iy, HaxoAUM

1—¢ 2t
Yeipm Y= ige Y YIS

{ BeleCTBEHHOE,

Jlanee, paccMarpuBas M3MeHEHWE X H Y, KOrga f BO3pacTaeT OT—co HO ~-co,
7IErKO yOelNuTbCsi, YTO 2 OMNHCHIBAET MNOJHYIO OKDPYKHOCTb, [ABHIafch MNPOTHB
YaCOBOHA CTPe/IKH.
90. HailTi reomeTpHYecKoe MECTO TOYEK, YDaBHEHME KOTOPHIX
z—a .
z—b

-3

te” s

o M {-—— BeuleCTBEHHHIE YHCIA.
" 91. Onpenenuth reoMeTpudecKoe MECTO TOYEK, YAOBAETBODAIOIIHX YCIOBHIO

) — BemiecTBeHHOE YHCAO.

12



92, TloxasaTh, YTO HEOSXOAUMOE M AOCTATOYHOE YCJIOBHE MIA TOrO, 4ToOwLI
yersipe TOUKH JIEKAAH HA ORHOM OKDYMHOCTH, BHIDAXKAETCS PaBEHCTBOM

BAh . BTk,
Z,—2, 2, —2 ’
4 1 4 2
rae A — BeHIeCTBEHHOE YKCMO.

93. IToxasats, 4TO Npeobpasoparue 2z’ = 2 - 2, COOTBETCTBYET Napa/iie/b-
HOMY TepeMellieHHI0 BCeX TOUYEK TUIOCKOCTH Ha BeAMUMHY BeKTopa 2.

94, Kaxo#l reoMeTpuyecKuii CMeICK HMeeT Mpeo6paszopanue 2’ =z . e™?
,  ad

95. BuICHUTH reOMETpHYECKUH CMBICA NpeoBpasoBaHua 2’ = =, a— Bellie-
CTBEHHOE YHCJIO.

B Kkakue AHHHM NPEBPAWAKTCH OKPYXHOCTH?

96. BRICHUTH reoMETPHUECKHH CMBICK npeobpa3osauus 2’'== hz, rae h —Be-
WeCTBEHHOE YUCTO.

97. Tlokasats, uyTO npeobpasosaHue

, az+b

Tezd-d
1
PABHOCHILHO PALY OTAeNbHBIX Npeobpas3oBavuil 2’ =2z +a, 2’ =mz, 2’ = Y

B Kakde JIMHHHM MePEXOIAT OKPYXHOCTH?
98. Mayuute npeobpasosanue

2 —a
T2 b

r4

Kakne nuHHM COOTBETCTBYIOT JyuaM, BHIXOASUIMM H3 HA4aji3, H YTO COOTBET-
CTBYeT KOHUEHTPHYECKHUM OKDYKHOCTAMP

99, B xakue uHMM TpespalaeT npeo6pi3oBaHue z' = ¢° npaMbHe napan-
feNbHLIE BEIECTBEHHOH M MHUMOH ocH? Kakue JNMHMH COOTBETCIBYIOT HDSIMBIM
He MMapannelbHBIM OCAM?

otraen

ONPEAENMTEAH KN NX MPHUIIO-
HEHHE H PELLIEHMIO CUCTE-
Mbl JIMHEMHbIX YPABHEHWHA.

§ 1. MonaTHe 06 onpejenutene U ero oCHOBHLIE CBOHCTBA.

1. Marpnua man Tabaula ecTb COBOKYIIHOCTb 3JEMEHTOB @y, DACHONOMEH-
HHX B (opme NMpPAMOYroJbHHKA

an, Qg - - - Ay,
g1, Qg ... Gy
Am,1 Am, 2 . . » Amn

13






7. C KakuM 3HAKOM CONEPHHTCA TNPOM3BENCHHE g Qg Qg g5 - dygq* Gqg
B ompeneaurene 6-ro nopauka?

8. KakoBul no/xHB! ObiTh 3HAYKHM i, R, YTOOH NPOUBBELEHHE Qg4 Q9 gy Gyg
BXOLH/IO B Onpeleautens 4-ro mopsaka co 3HaKOM MUHYC (—)?

9. Bufpath 3ualku [ M R Tak, 4TOGH MPOM3BENEHHE dy,-dgy* g+ dy, - Gyg
BXO[MJIO CO 3HAKOM -+ B ompejenuTens 5-ro nopsuka.

10. BuiGpaTs ykasaTenu [ M k Tak, uTOObH NPOH3BEEHHE

Q1" Cn-1, 2" An—2y3 - - » A9y n.-1" Gy,

mieno 3Hak mmoc (). HYucio n vernoe.

11. HaliTh 3HAK TNPOMBBEAEHHA @5 Amf1,2°Ami2yg - - - Amian (M= 1)
EPeNno/aras, 4To A—4uCJA0 HEueTHOe.

12. llokasath, uto onpejenuTe]b n-ro NMOPARKA, B KOTOPOM 3JAEMEHTH dj,
a,; YHCAA KOMIUIEKCHBIE COTpPsDKeHHbIe, — UMCA0 BelllecTBeHHOe, Ilpewae Bcero
IerKO BHIETh, YTO 3JIEMEHTH @,, — YWC/IA BEUIECTBEHHble, HOO 3TH SMeMEHTH —
qMC1a COMPSRKEHHBlE caMu ¢ COOGO#,

3aMeHHM B onpeeauTele CTPOKH cToabuaMu. OnpenenuTeNb NpPeBPATHTCS
8 YHCAO KOMMJIEKCHOe, COMpDMKEHHOE ¢ TIPEXHHM ero 3HaueHHeM, TaK Kak
KAWObIA 97GMEHT 3aMEHUTCA UHCIOM, C HHM compsbkeHHuIM. Omnpesenutenb oT
3aMeHbl CTPOK cTOAGUaMK He u3Mexser cpoefl Benwuunnl, OTCIONA crelyeT, yTo
paccMaTpuBaeMbift ONpefeNuTeNb—UKCIO0 BEIECTBEHHCE,

13. Kakomy yc/noBHIO HOMKHO YAOBAETBOPSTH YMUCHO 72, 4TOOB OMpenenn-
Telb N-TO TIOPALKA, 21EMEHTH KOTOPOrO YAOBAETBODSIOT YCJIOBHIO:

=0 (k=1,2,...n), a,=iay (j>k),—

@;; BEUISCTBEHHOE 4HC/I0,—OBII YHC/IOM BELIECTBEHHBIM HE3ABHCHMO OT 3HayeHu#,
NPUHAMAEMBIX 3/IEMeHTaMu?

14. Tlpn kakom n onpepenutenb 3agauu 13 ecTe YHCIO YUCTO MHHMOE?

15. Ilokasars, uTC mnpH HeueTHOM 7 onpedenutens 3agaud 13 pasen
A(147) nm A(1 —i), roe A eCcThb UHCNO BEIIECTBEHHOE

16. Boiuucaute onpefennTelb /-0 TOPSAAKA, 3JeMEHTH KOTOPOTO YHROBJe-
TBOPHIOT COOTHOUWEHHIO:

a,=0(k=12,...n), a;=—a,

npeapnoarasa, 4ro n-—4Yucio HEYETHOE.

17. Kak naMeHdTCSl BelMUMHA OTpPENENHTENs, €CAH K 9/JIEMEHTAM KAXAOH
CTPOKHM TMPHGABUTL COOTBETCTBYIOIIMH 3/IeMEHT NpeRblayLiell?

18. Yro npomsofizeT ¢ BeAUYHHOK ONpeNeNnTeNs, eCAH OT 3JIEeMEHTOB
KAXIOro CTOAGIA OTHATH BeJHUYHMHBI, NPONOPLHOHANbHbIE COOTBETCTBYIOLIMM 3J16-
MEeHTaM clenywomero cronbua?

19. Kak namepsiercs BeJMYHHA ONpefe/uTeNsi OT NPUOABAEHHS K DNEMEHTAM
KaKIO# CTPOKH COOTBETCTBYIOLLHX DJEMEHTOB BCeX MOCAEAYIOWMX CTPOK?

§ 2. Muuopw onpepgenutens,.

1. MuHops 72—m-ro TIOpAAKA TOAYYATCH H3 ONPEAENUTeNs NOPIJKA /1 IyTeM
BHIUSPKHBAHUS B HeM /M CTPOK M /m CTOAGUOB.

2. Musop nopsanka m, AOTIOJHHTEALHBH K MUHODY HOPSAKA /i—H1, TIONYYNTCH
BHYEDKHBaHHeM TE€X CTPOK M TeX CTOAOIIOB, 3/€MEHTH KOHX BXOJAT B MHMHOD
nopsaKa n— .
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22. OteickaTh B OnpeAenurese nOpsaka 2n ajirebpauyeckoe AOMOAHEHHE
MUHODa

gy Qg - .« .8y,
Ay y 43 - Ay on1
Apyy Oy g+ = gy guy

06pa30BAHHOTO 3/IEMEHTAMHM YETHHIX CTPOK H HEYeTHHX CTOAGIOB.

23. Pasnoxuth onpegenuTesb 4-ro MOpsIKA 1O MHHOPAM, COCTaB/IEHHHIM
H3 2/7eMEeHTOB 2-# u 3-H CTpOKH.

§ 3. Briukcnenue onpegenutenei.

1. Briudcass ompenenurtenb, [OJe3HO BO MHOTHMX ClydasX npeo6GpasoBath
ero TaK, 4ToGBl 3/eMeHTh Kako#-InG0 cTpoku (WM cronbua), KpoMe OIHOTo,
OKa3aNuCh PpaBHbIMM Hymo. Pa3jioxkende no 3/JeMEHTaM BSTOH CTPOKH MM
cToa6Ua CBOIHMT BBIYUCIIEHHE [aHHOTO ONpele/uTeNs K BHIYHCIEHHIO ONpefe-
auTeNns TIOPAAKA HA €AHHHUIY HHXe,

2. YkazaHHoe npeo6pa30B4HME B PAa3MHYHBIX CAYYasx ZOCTHCAETCH PA3AMUHO,
BO MHOTHX CAyuasX OKa3blBAeTCs BO3MOMKHBIM €ro COBEPLIATH, MPOU3BOAA B OnNpe-
JIeNeHHOM NOpPS/IKE BLIYMTAHHE M3 DAEMEHTOB KaKOH-IHGO cTPoKH (MaH cTOA6UA)
Be/IMYMH, NPONOPHHOHANBHEIX 3/€MEHTaM APYro# CTPOkH (unu cronbua).

3anauxn.
24. BuiyHCAHTE ONpejeHTe/lb:
1 1 1 oo 1
1 144 1 A |

1 1 I14+a. .. 1

1 1 I .. .14a4,

BoiuTeM H3 3JeMeHTOB KaxIOH CTPOKM 3ieMeHTH nepsofi, [losyuaem, urto
npeANOMEeHHbH ONpeaenTeNb,—Ha30BeM ero A, —

11 1. ..1
0 a, 0. ..0
A= 0 0 a,. . .0
0 0 0. . .a

n

Beaxuit onpenenutesb, y KOTOPOrO 3/eMeHTH 1O OHHY OTOPOHY IJIABHOR
IMATOHAMM CYTh HyJH, DaBeH TNPOM3BEAEHHI0 OMATOHAILMBIX 3/1eMeHTOB (3TO
MOXHO TIIPOBEPHUTb, paadnaras MOCAEOBATEIBHO HO SJEMEHTAM IEpROH CTPOKH
JAHHLIH ONpENe]UTels ¥ BCe ONPENENHTe]H, K KOTOPHIM OH CROAMTCH

A =0y05...4,
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Briuncants OlNpEeRCANTEND

25. 1 1 1. . .1 26, 01 1. ..
—1 0 1. 1 1 0
—1 —1 0 .1 1 1 0
_._1. ',_'1._._1. . ...0 1. 1 .1. ..
27 a, a, a a
—Q, a, X3 xn_z
—a, —a, a Yo s
—_a ._.a,. _a . a
28. 1 1 1 .. 1
1 2 3 n
1 3 6 ,",(";%U
.1. n .n.(n;j.l).. .. .. .n.(" ;.12),(2,1_1_2)
29. 1 1 BN 1
() (") (")
'<,,;+'nn'_'1)' '(,'nil,;),’ B '(;n;in'_{)
AR et
L (5) (5) 0 ("), (m+)
3\ /3 p /T \p+t
L (3) (s) o L
! (1)(2) (n-—l) < P >’<p+1>
32 a’, (a—1) .(a—n) 3. 1 2
n—l’ (a 1)n~l . (a n)n—l 1 93
.1. . .l ........ 1 .. 1- .22;-; .
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41.  cosngy, cos(n—1)oy . . .1

cos ngy, cos(n— 1), . . .1
cosnp,, cos{(n—1)p, . . .1
42. 144a, 1 ... 1
I, l14a... 1
1, 1 .. .14a,

IIpencraBue panHu# Ompene/HTeND, KOTOPHIH Dand KPATKOCTH 0603HauuM A,

B BUJE CYMMEl

1d-a,, 1 .. .1 14a, 1 .. .1
1, 14a.. .1 L, 1+4a,. . .1

A, = +
1 1 1 0 o . a,

'HAXOMMM, HTO
A,=a;-a,. . .0, +a,-A , (cm sanauy 24)

H jganee

Arz—l =&y . . .8, , + Ay 1 An—z

Ay ==, + a4,
Ay=1+4a,.

IMonyuennvle paBeHCTBA HAOT:

A1=a1<1 +—3;) AA2=ala2(1+ -;—1 +ai’)

1 1
LA =aa . .an<1+71-—|—. . .+—(—1;)
43. a 4B, af, 0 ... 0 4 a+B of, 0
1, a4-B, af 0 2, a-+B, of
0, 1, a-?p 0 0, 1, a+p
0, 0, 0 o B 0 0 0
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55.
B7%. 2,
3 k
45
n}
58 0
y
y
y
60. 1
3
1
4x3

(0]
oo

54.

56*.

a, a; a, . a,
—1 x 0. .0
0 —1 «x .0
0 0 0 . X
(n—1a,, (n—2)a,, . a,
X 0 .0
—(n—1) x .0
0 . X
2
1, (2) 0, 0
3 3
L(5) () 0
4 4
Lo(3) (5)- 0
n n n
L (2)’ (3) '(rz-—l)
4, )
n{n-+1)
10, 1T
a(n1) (n42)
20, TTiizes
n(n--1) (n+2) n(n+41). . .(2n—2)
i-2-3 R T I 7 I )
- 59%. o, x x
X
Yy ay X Y
. X .
Yy Vv as
0 y oy v a,
*, 2 3.
3 61 1 n
1 2 3 4
3 4 5. 2
4x3.
1 e e ..
n, 1, 2,. n—1






3. Ecau n=2m, 10 onpeneanTes, COCTABNEHHLIH N3 sMeMeHTOR Tabauun (C),
paBeH CyMMe BCEX BO3MOXHHIX [pOH3BeAeHHH onpeneauTeell mopsaaka 7, Bu-
BeJIeHHEIX 13 Ta6aKIH (A), Ha COOTBETCTRYIOIUHE HM OnpefenuTenn Tabnuum (B) 1).

67. Buyuciurh onpesenuTeNb, COCTABNEHHBIH H3 3/IEMEHTOB

1, 1,...1 1,4 I{
| |
X1y KXoy oo Xy “.yl: Yoo Yy |l
Hpoaaaeneunem RaHdux Tabaul asadercs Tabauia
I’Z, .}’1+J’a+---+yn }
x1+x2+"'xn’ x1y1+x2vﬂ+"'+xnyn‘

Onpenenarens A, COCTABNEHHBIA W3 3/AeMeHTOB 3TOH Tabauusl, 6yler
A=n@Ewy+ g+ F5,3) — (G + X+ X)) (Yt )

DTOT oOnpeieAUTENb MONHO TMOJAYYUTH CPasy, COCTaBAsds CYMMY NpOHU3Be-
ICHUA OmpelenuTe/iell BTOPOro MOPAAKa MENBOX TaGiHLB HA COOTBETCTBYIOLIHE
ONpeeNNTEIH BTOPOH.

A= (xl - ‘x2) (yl "’"_)’2)“‘ (‘xl - X3) (Vl ——y3)+ L + (xn._l - xn) (—yn~1-yn)
68. BolYHCIUTL oupefennTenb;

V4%, L4 xy, . o 14+ x5,
Lty T4y, o o o145y,

B (> 2))
1 +xny1’ 1 +xny2 .1 +xnyn
[MepemMuoxas TaGnuus

i ! ] I

!I Lo | 1 »n i!

i 1 x, ‘ 1y, l]l

|- .

R R

nofyyaeM TaGmuuy, u3 3JAEMEHTOB KOTOPOM COCTaBIeH MAAHHHN ompejenutenb,
DT0T onpefeNHTeNb PaBeH HYAI.

69. PaccmatpuBasn TaGaHIs

la, ag. . .a, {
’bl b2"‘bn i

a ay . . .a
4 ’ 4
b by . . .b,

1) OnpeneanteneM tabanusl (B), cOOTEETCTBYIOWUM onpeneayreno Tabauust (4), Ha-
3bHIBaeTCst ONpefeanTend Tabauus (B), cocrapiaeHHbM 13 saeMeHTOB TaGANUE (B), CTOAWMX
B TEeX K€ CTPOKaX M CTOAGUAX, B KOTOPHIX HAaXORATCA 2/AeMeHTh, 06pasylollHe onpene
antens tabaunu (A).
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TOXKAECTBO:
(ayay 4 agay/+ . . . +a,a,) (b0 + b0+ . . . +0b,5,)—
— (@b ayb + . . . Fa,b)) (@b a) b+ . . L 4a,/b) =
= (ayby — aghy) (ay by — 2y b)) + (ayby— azhy) (a,'by' —ag’ b))+ ...
+a,_ b0, —-a.0, ) (@, )b,/ —a,b,_ )

70. BuiunciuTe onpesenuTenb

Qo> A, 0t * © ¢ Forngm

L Cyprr s 0 8 g,
e e e s e i e e e (m=3),

Doy Cppiir + o = Gy iy
m = (& + B,-m) cos me + (y, + 8,-m) sin mg,

71. BuoluncauTh KBaZpat OMNpeneauTens

a b ¢ d
— b a —d

¢ —d —a b

d ¢ —b —a

72. BuiuncauTs KBapgpat ONMpemenuTess

Ay — X, Qg+« - Q3
Az Agg—— X5« o - Oy,
Ax)==
anl anz L arm —X

A(—x) wMoweT ObTb NPEACTABNEHO B BHAE ONPEACNHTENS
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74, Ilpepnonaras, 4TO 3JMEMEHTH & H @, B ONpPEle/iWTe/ € H-TO HOPSA
4HCNa KOMIUVIEKCHBIE COMpSKEeHHble, N0KA3aTh, UTO MHHODH OTpelenuTens

€1 Cig+ - + Cyn
Co; Cag - . C
21 Ca2 - - 2n ;
y THE € = 0@y + G0l + oo+ Ay
cnl an A me

AHAaroHa/IbHEIE 3/IeMEHTH KOTOPHX COCTOAT HS 3/€MEHTOB [VIaBHOH NHaroHa/H,
NOJOKHUTE/IbHbIE BelIeCTBEHHbIE YHCAA.

75%. Tlokasars, 4TO TPOH3BENEHHE

(2 + ¥+ 2% —Bxyz) (x"3 4y + 23— 3xy'2")
MOKeT GHTh MPEJCTABICHO B BUIE
X34 Y34 723 —3XYZ,
rae X, Y, Z — nuneltsle (yHKUMH KaK OTHOCHTEABHO X, Y, 2, TaK
xl’ y’, ZI.
76. Tloxasarb, uTO ompeneauTenb

'; xl: y17 1 :,
{ !
f Xgy Yo, 1 ;
I x37 )’3a 1

B KOTOPOM mnapm uucenr (xy, ¥;), (Xs, Vo), (X3, V3) NPAMOYroAbHEIE KOOPAHHA
Touek M,, M,, M;, He M3MeHseT CBOeH BeJHYHHB NPHU KOODAHMHATHHIX fipeobpi-
3oBaHusaX. [lonb3ysick 3THM, BHIICHUTH €r0 reOMETPHUYECKHH CMBIC/.

PeweHune. [Ipua koopauHaTHOM npecOpPA30BaHHH

x=x"cosa—y’ sin a -+ X,
? . ’
y=ux"sino-y cosa-+y,

onpenenTeib B CTapbiX M HOBBIX KOODAHHATaX CB3aHBI COOTHOILUCHH

x; ¥ 1 cos a,—sin a, X, X oy 1

Xy Y9 1 = sina, coso, y, - X, ¥ 1
’ ’

X3 yg 1 0, 0, 1 X3, Vi, 1

Tak Kax mepBHIit Ompefle/iNTeNb B NPABOH YacTH PaBEMCTBA €CTh EAHHHIIL
“TO PaBeHCTBO NOKA3bIBAET, YTO OMpeleSHTe b He MEHSeTCs M0 CBOeH BeJHYH
OT KOODJAHMHATHOrO npeo6pasoBanHus. Bribepem ock OX Tak, 4ToGH OHA
Xomuaa yepes Touku M;, My, M ee HanpaBieHue COBMANan0 Gul ¢ HampaBjcHUEM

or M; u M,. Oco OY Bmbepem Tak, uTo6hb oOHa mnpoxonauna uepe3d M, llpu
TaKoM BEIGOpE

x'=a, y'=0, '=0, /=0, b>a, x'=0, y;'=h

Onpenenutens paBeH

(b—a) .

Yucno (b —a)[k] paBHO NPOH3BENEHHIO OCHOBaHMS  TPeyroAsEHK
MMM, na ero BHICOTY, T. €. YABOEHHOH INIOIIAAH TPEYTONbHHKA,
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